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A sufficiently genera l  solution is obtained, applicable to a boundary l ayer  with any injection 
mode (up to a cer ta in  l imit) .  

1. We consider  a horizontal  plate in a l amina r  a i r  s t r e am.  A gas is injected into the boundary l aye r  
through the plate .  The a i r  is considered a homogeneous diatomic gas.  In this way, there  exis ts  a b inary  
mix ture  in the boundary layer .  Any dissocia t ion or  chemica l  reac t ion  is d i s regarded ,  and the rma l  diffu- 
sion is a s sumed  negligibl e. 

The solutions to this p rob lem found in the technical  l i t e ra tu re  [1-3] a r e  usual ly  given in the se l f -  
adjoint f o rm and cor respond  to a specif ic  mode of injection through the surface .  

The equations for  a s teady l amina r  boundary l aye r  of a b ina ry  mix ture  at a plate  can, a f te r  a Dorod-  
n i t s y n - L i s  t r ans fo rmat ion  [4, 5], be wri t ten as  

the equation of motion 

the equation of diffusion 

FEe s (1) 

the energy  equation 

/ Onn q- ~ n  + l (k - -  1) M~f~ -~ cp,_---- cp, l Le SnOn = 2~ (fnOi - -  f~O,~). 
Pr % Pr 

The continuity equation becom es  an identity by introduction of the flow function, with the following des igna-  
tions: 

Y x 

u| [" y p~ou| 
0 0 

l u O  ~ 1 ~  

c.__= ; L e =  l = - -  
~=1 PwlXw 

Cp Uw 
k = - - ;  M~. = ~ .  

g o Cl,o 

Subscr ipts  1 and 2 r e f e r  to pure  coolant and to pure  a i r ,  r espec t ive ly .  

The plate  t empera tu re  is held constant.  
a s sumed  constant.  

T 
- 1 ;  

The physica l  p r o p e r t i e s  which appear  in the equations a re  
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The b o u n d a r y  condi t ions  a re :  

~or ~1 = O: f~ (0) = O; 0 = O~ = const; (f + 2~f~) w := (f + 2~f~)~Sw 
g 

2Le OSw. ~/ ~ f 
-t- Pr On" f(~' 0)---- Pw~tw u= V ~- o Fd~_~qs(~); 

for ~1--~ co: fn--~2; 0--~ 1; S-~O.  

(2) 

It  is  to be  noted that  s t ipu la t ing  the in jec t ion  mode  a s  PwVw ~ 1/~fx will  r e n d e r  the p r o b l e m  a s e l f -  
adjoin t  one and wil l  t r a n s f o r m  the s y s t e m  of b o u n d a r y - l a y e r  equat ions  into a s y s t e m  of o r d i n a r y  d i f f e r e n -  
t ia l  equa t ions  [6]. 

2. S y s t e m  (1) with the bounda ry  condi t ions  (2) is  so lved  by  the me thod  shown by Shkadov in [7-9], 
i . e . ,  by  s e r i e s  in v a r i a b l e s  O(4), ~ O' I~), ~ 2~,  (4), - .  �9 �9 The coef f i c i en t s  of these  s e r i e s  a r e  funct ions  only 
of ~ and they s a t i s f y  t h e  o r d i n a r y  d i f f e r en t i a l  equa t ions .  I na smuch  as  one can  solve  s e p a r a t e l y  the equa -  
t ion of mot ion ,  then the equa t ion  of diffusion,  and f ina l ly  the e n e r g y  equat ion,  we will  c a r e f u l l y  ana lyze  the 
equat ion  of mot ion  (1) with the thought tha t  the solut ion of the o the r  two equa t ions  is ana logous .  

Subst i tu t ing f(~, 77 ) -- ~(~) + f'(~, 77) in the equat ion  of mot ion  y i e ld s  

and the b o u n d a r y  condi t ions  

for ~ 1 = 0 : - } = 0 ;  f n = 0 ;  

for ~1--~ co: fn---~2. 

The  dash  above  f wil l  hence fo r th  be  omi t t ed .  We seek  a so lu t ion  to (3) in the f o r m  of a s e r i e s  
2 2 

f -- foo + ~ofol + ~fo2 + ~I qlo + ~ofll + doff2) + ~1 (f~o -r- ~OL_O + ~ (f~o 

+ ~oh,) + d (ho + %hO + ~ (s + ~ohO + ~ (foo + ~of,,) 4 - . . . ,  

a] = r ~1 g d e  r  = = ~  ; a s = ~ 2 r  . . . .  
d~ 

w h e r e  

s0 = r (g); 

and fij a r e  func t ions  of  ~? only,  

i I n s e r t i n g  (4) into (3), then co l l ec t ing  t e r m s  with the s a m e  combina t ions  of  o~j and equat ing  t h e m  to 
z e r o ,  we obta in  the o r d i n a r y  d i f f e ren t i a l  equa t ions  

dVoo +foo d~f~176 = O; 
drl a drl* 

f; i  + foot;, + fg4o~ = - too; 

f ; ' ;  + foofg~ + f~fo~ = - 0 + fo,) fg,; 

f~;' + foof;o - 2f,;o f;o + 3f;oho 2f;, f ;o - -  2 (~ + fo,)f;o, 
and in the g e n e r a l  f o r m  

The b o u n d a r y  condi t ions  a r e  fo r  f00: 

n = O; foo = O; foo = O; 

~ o0; foo-+2, 
and fo r  the o t h e r  fij:  

(4) 

(5) 

= o; hj = f ; / =  o; 

n- - '  co; f~'--" O. 
Analogous ly ,  f o r  the equat ion of di f fus ion we have  

S00 =: 0; 

Le Sol ' - -  :-/coSt1 = O; Pr 
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and in the general  fo rm 

Pr 

L~ S~o + fooS;o --  2f~ ,o  = 2f~oSo. 
Pr 

L_~e sT. 
pr " +  fooS;~- k d ~ ,  = ~(~j. 

For  the energy  equation we have 

Pr 

P-'~I Ooi + fooOo,=--2 (k--l)M~foofo, --0oo (]o, ~ cp2--c~l L e ~  - P r  So,); 

Pr 

(~_-- ~') (s& o;o + Oo,So,), 
Cp 

and in the general  f o rm 

1__ o;; + IooO;~ - -  kd~oo, ~.: c (,1) 
Pr 

The boundary conditions a re  

at ~l = 0: Sq = L01); 0oo == 0w; 0 u = 0; 

at Ti-~  oo: S'q-*O; 0oo-~ 1; 0d- -+0:  

We note that the f i r s t  equation in (5) for  f00 with the cor responding  boundary conditions r e p r e s e n t s  
the well-known Blasius  p rob lem [10]. 

3. Equations (5) were  in tegrated numer ica l ly  by convers ion  to a sys t em of di f ference equations, 
which was then solved by the el iminat ion method. The e l imina t ion  fo rmulas  for  the t h i r d - o r d e r  equation 
of motion a re  shown he re  in detail .  With the aid of the cent ra l  d i f ferences  [11], we obtain the following 
el iminat ion formulas :  

h = Pdi+2 + Gh+, + R. (6) 

where  
1 1 

2 2 / 
FI 

Ri = 

1 k,h%,---~Oi-~)R,-,+h% 2R~-2-- (I + ht00~ + ~- 

(i = 2, 3 . . . . .  n - -2 ) ;  

1 
Pc = Qo = Ro = 0; P l  = 0; Q1 = -~-; RI = 0. 

With the aid of the el iminat ing re la t ions  at points n -2 ,  n -3 ,  n -4 ,  the difference equation at point 
n - l ,  and the boundary  condition on the r ight-hand Bide, we find fn and fn-1. Then, by r e v e r s e  el imination,  
f rom(6)  we find fn-2, fn-3 . . . . .  fi. 

Compute r  p r o g r a m s  have been set  up for  solving Eqs.  (5), and calculat ions were  made with Le = 1.4, 
P r  = 0.725, Ma.o = 3, k = 1.4, T w = 500~ T~ = 273~ and Cp2, epl taken f rom [12]. The integrat ion step 
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TABLE 1. Values  of the De r i va t i ve s  of f, 0, 
and S 

~o (0) 0,33206 
f~, (0) 0,71861 

fi'~ (0) -- 0,44048 

f]'o (0) 0,00042 
f]', (o) o,ooo4~ 
f:~ (0)- 0,00440 

f~o (0) -- 0,01260 
/r (0) -- 0,04115 

t~'o (o) - o,oo~o4 
f~, (0) 0,00777 

f:. (0) -- 0,67819 

~0(o)  o,35~o2 
f:, (0) 0,03392 

0~o (0) -- 0,11772 
0~, (0) -  0,10772 

01, (0) -- 0,10770 

0~o (0) 0,80177 
0~, (0) 0,72224 

01, ' (0) 0,62072 
0~o(0) 0,738i0 

O~: t (0) 0,40360 

0~ (0) 0,61002 
0:, (0) 0,45677 

0~o (0) 0,36460 

0~0 (0) 0,61030 
0~x (0) " 0,45746 

s:. (0) 0 
S:, (0)'0,25892 

s:~ 
s: ,(0)-0,~1447 
S:,(0)--0,51192 
'S:[(o)'--o,2~92 
s: ,  (0 ) -0 ,2~878  

s~. (o)-o,665~6 
S:,(0)--0,67517 
S~~ 
S~,(0)--0,09527 

s:,(o)-o,o9525 

T A B L E  2. Values  of  Skin F r i c t ion ,  T h e r m a l  
Flux,  and Diffus ion C u r r e n t  

c1 
~/r 
q/qo 
qg 

0,04 
0,770 
0,915 
0,0239 

0,06 
0,515 
0,845 
0,0438 

0,1 
0,232 
0,807 
0,0597 

was  h = 0.04. The in tegra t ion  in te rva l  was ~? = 7.5, 
where  fij a l r e a d y  c lose ly  approached  the a sympto te .  
Ca lcu la ted  were  a l so  the skin f r i c t ion  as  well  as  the 
t h e r m a l  f luxes and the diffusion c u r r e n t s :  

(0;) = = f ; j  (o ) ,  

(or) = -0;,(0), (7) 
q = - -  \~Y/w 

q g : D w ( ~ )  w or l f l2Nu,/VR-g~=S~i(O ), 

with f~3 (0), 0~j (0), and S~j (0) given in Table  1. 

4. A m o r e  a c c u r a t e  quant i ta t ive  c o m p a r i s o n  
be tween  the se l f - ad jo in t  case  and an a r b i t r a r y  case  will  
be made  and advan tages  of an a r b i t r a r y  in ject ion mode 
will be d e m o n s t r a t e d  on spec i f i c  examples .  

F i r s t  we cons ide r  the wel l -known se l f - ad jo in t  
case :  

p,~vw :~- F (x) - P (8) 

F r o m  the boundary  condi t ion (2) 

f(o, U V 2 U v ~  ~i' 
Pwlxwu| 

0 

we obtain 

% ~ r __ 2V-2-~ _ c = const; ~ = % . . . .  = 0. 
pwlXwU~ 

F r o m  (8) and (9), a f t e r  a t r a n s f o r m a t i o n ,  we obtain 

~)w _ _  C1 
U~ V ~ x '  

where  ci = e/2,/'2 c h a r a c t e r i z e s  the ra te  of  gas  in jec t ion through the su r f ace .  

(9) 

Rela t ive  va lues  of skin f r ic t ion ,  t h e r m a l  flux, and diffusion c u r r e n t  f o r  va r ious  va lues  of c 1 a r e  given 
in Table  2, where  7 0 and q0 a r e  the r e s p e c t i v e  va lues  without  inject ion.  

A c c o r d i n g  to Table  2, T and q d e c r e a s e  with i n c r e a s i n g  in ject ion r a t e ,  which a g r e e s  with theory .  

b) F o r  a nonse l f - ad jo in t  ca se  we se l ec t ed  the fol lowing in jec t ion mode:  

with ~ = ~/oz. The dash  above ~ will  hence fo r th  be omi t ted .  Then 

% --= r (~) = - -  ~ -~ ' ~ ~ ~ r  = - -  ~ (t + ~)~' 

a~ -~ ~ r  = 2a~ - -, % ~ : :  - -  (10) 
(1 -r- ~.)'~ (1 + ~)'" 

Let t ing  ot = 1, i n se r t i ng  (10) into e x p r e s s i o n s  (7) f o r  r ,  q, and qg, we obtain the de s i r ed  va lues .  A 
c o m p a r i s o n  be tween both c a s e s  shows that  

1 (3 + V ~-) V-~- ,__~ 0, ~-,-o w h ~ , p w v ~  V ~ -  ~ oo, for p~v~ (1 +~)~ 

i . e . ,  PwVw is a bounded quant i ty ,  which has  some  p r a c t i c a l  s ign i f icance .  In both c a s e s  a h ighe r  r a te  of 
gas  inject ion th rough  the su r f a c e  r e s u l t s  in a lower  skin f r i c t ion  and t h e r m a l  flux, which a g r e e s  with theory ,  
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the curves  of skin f r ic t ion and of the rma l  flux for  pwVw ~ 1/~;} being asympto tes  of the respec t ive  curves  
fo r  PwVw ~ (3 + / ~  )4-~/(1 + } )2. 

p is the density of gas;  . 
is the dynamic v iscos i ty  of gas; 

~, ~ a re  the d imens ion less  coordinates;  
f is the d imens ionless  gas  velocity;  
S is the d imens ion less  gas  concentrat ion;  
8 is the d imens ion less  gas t empera tu re ;  
X is the t he rma l  conductivity; 
D n is  the diffusivity.  

NOTATION 
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